Abstract-We discuss the use of the Eikonal approximation to describe the propagation and absorption of H.F. waves in toroidally confined plasmas. Particular attention is devoted to the derivation of a power transport equation in agreement with conservation of energy, and to the formulation of appropriate boundary conditions when the waves are launched by electrically short antennas. The ray equations are then applied to investigate the occurrence of radial reflections, which can affect the accessibility of the plasma core to H.F. heating; examples are given for waves in the Lower Hybrid and in the Ion Cyclotron frequency ranges. Finally, the use of the power transport equation for the evaluation of power deposition profiles during H.F. heating of Tokamak plasmas is illustrated by the example of Lower Hybrid waves launched by a phased waveguide array.
INTRODUCTION
PROPAGATION and absorption of h.f. waves in laboratory confined plasmas are most naturally discussed in terms of kl, and kl, the components of the wavevector parallel and perpendicular to the static magnetic field, respectively. Thus for example the conditions for absorption by resonant electrons or ions in a collisionless plasma can be expressed in terms of kl l or k,. Linear electron Landau damping will occur where Vthe = (2Te/m,)'" being the thermal velocity of the electrons; similar conditions can be written for ion cyclotron damping, and even for nonlinear absorption mechanisms such as ion stochastic heating by Lower Hybrid waves (KARNEY, 1978 (KARNEY, , 1979 or parametric decay (PORCOLAB, 1978). The conditions for the occurrence of cut-off s or confluences (zeros or double roots of the dispersion relation, respectively), which are often relevant for the accessiblity of the plasma core to externally excited waves, are also relations between kll, kl, and the local plasma parameters.
Under these conditions, rapid insight into the appropriate parameters for H.F. heating experiments can be obtained by investigating a suitable one-dimensional (plane-layered or cylindrical) model of the plasma, in which kl l is constant during wave propagation. In such a model all plasma parameters vary only in the direction perpendicular to the static magnetic field. The value of kl l (or, better, a spectrum of kll-values) is imposed by the periodicity of the antenna, and the local dispersion relation is used to obtain k, at each point in the plasma.
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When applied to a toroidal plasma, such one-dimensional approach can give only approximate results, however. In a Tokamak, n and q, To the plasma density and temperatures, are constant on each magnetic surface, but the static magnetic field, B = B,R,/R, is not; indeed B varies along each line of force because of the rotational transform. Hence kl l is not constant; rather (R, is the major radius; r, 0, cp are the radial, poloidal, and toroidal coordinates, respectively). While the toroidal wavenumber ne is strictly constant in an axisymmetric device, this is not the case for the poloidal wavenumber me, nor a fortiori for kli. In this context, one should not think of me, as an integer: for the validity of geometric optics K = (k:+ m?/12)''* has to be large enough, K r S 1, so that "wavefronts" need not close themselves in the poloidal cross-section. Then m, can be treated as a continuous variable. Here we explicitly limit ourselves to situations in which this approximatiqn is justified. This is the case, by a large margin, at frequencies in the lower hybrid and electron cyclotorn range; in the ion cyclotron range, on the other hand, the Eikonal approach is possible only in quite large plasmas, and not by a large margin. (It should be mentioned here that a generalization of the Eikonal theory to the case in which it is not possible to neglect the connection along the magnetic field lines (CONNOR et al., 1979) exists. This theory has been successfully applied to MHD and drift waves. Its use in the ion cyclotron frequency range, however, is not trivial.) Even assuming that m, is essentially zero at the antenna, it can be easily estimated from the ray equations derived in the next section, that k, = m$r can in principle become as large as
ke-O(%)
after propagation through a distance of the order of the plasma radius a. Although of second order in the inverse aspect ratio, therefore, the poloidal correction to kll in equation (2) can be far from negligible, in view of the very large refractive index of H.F. waves in the plasma for frequencies well below the electron cyclotron frequency. Thus toroidal effects can considerably affect propagation and absorption, and should be taken into account. For this purpose, extensive use has been made of ray tracing, particularly in the electron-cyclotron frequency range ( IGNAT, 1981) ; recently also the ion cyclotron frequency range has received some attention (McVEY, 1979; BATNAGAR et al., 1980; BERS et al., 1980) . Ray tracing is part of the Eikonal approximation for waves propagating in slowly varying media. The Eikonal theory, including the equation describing the transport of energy, has been discussed by WEINBERG (1962) , BERNSTEIN (1975) and FRIEDLAND et al. (1980) among others.
Experience with geometric optics in isotropic dielectrics is not always of assistance in understanding ray tracing in a magnetized plasma, in which several proper modes simultaneously exist, some of which are not even approximately transverse e.m. waves. The application of the theory to fusion plasmas is further complicated by the fact that for frequencies in the LH or ICR ranges the waves have to be launched by antennas whose dimensions are comparable or shorter than one wave-length, at least in the direction of the static magnetic field. Such a radiating structure does not provide boundary conditions compatible with the use of the Eikonal approximation. Instead, their close field has to be Fourier analyzed in the toroidal coordinate (ignorable in axisymmetric devices), and ray tracing has to be applied separately to each partial wave. The electric field at any given point in the plasma has to be reconstructed by superposition of all partial waves illuminating that point, clearly a very cumbersome task.
One should also keep in mind that H.F. waves in plasmas have "macroscopic" wavelengths, ranging from a few mm for LH waves (frequencies in the GHz range) to several tens of cm for the fast wave in the IC frequency range (10-100 MHz). Hence it is all the more important to distinguish between rays in the geometrical sense, i.e. one-dimensional curves, solutions of the ray equations, and "pencils" of rays, i.e. bundles of rays having a sufficiently large cross-section for concepts like wavevector, group velocity, etc., to have more than a purely formal content. Indeed, wavevector and position of a ray are physically complementary quantities. While the relevant indetermination conditions are automatically satisfied in the toroidal direction by partial waves having a specified toroidal wavenumber nq, they are not always trivial in the poloidal direction: they require that a pencil should illuminate a non-negligible sector of any meridian cross-section. On the other hand, by considering extended pencils of rays instead of single rays, we can meaningfully attribute to each partial wave the transport of a given amount of power. If the power spectrum radiated by the antenna is known, this circumstance makes it possible to evaluate the power deposition profile in the plasma, without embarking on the formidable task of computing the local Poynting vector at all points. A rapid and reliable computation of the power deposition profiles during H.F. heating is of course one of the main goals in implementing ray tracing for fusion plasmas.
In the present paper we have tried to present a reasonably systematic account of the application of the Eikonal theory to toroidal axisymmetric plasmas. The paper is organized as follows.
In Section 2 we review the closed set of the Eikonal equations. The derivation of the ray equations is a simplified presentation of the material of the classic papers by WEINBERG (1962) and BERNSTEIN (1!975), given here for easy subsequent reference. The derivation of the equation for the transport of power along the rays, on the other hand, differs in some details from previous references. Finite Larmor radius diamagnetic corrections to the equilibrium distribution functions are formally of the first order in the small parameter of the Eikonal development. Only by including these terms were we able to show explicitly that transport of energy within the Eikonal approximation in a hot plasma is consistent with energy conservation, in the sense that dissipation arises only from the antihermitean part of the dielectric tensor, and is fully accounted for by a corresponding increase of the thermal energy of the plasma.
In Section 3 we specialize on steady-state, axisymmetric plasmas, and we discuss the role of field decomposition into partial waves to deal with electrically short antennas. With the help of a local development of the Eikonal function ("phase") we formulate the general boundary value problem, and we derive an explicit criterion for the validity of the approximations.
Section 4 analyzes singular layers and caustics. From the fact that the local dispersion relation of a collisionless plasma depends the wavevector only through kL2 and kir, we show that two kinds of radial reflection are possible. One is associated with the confluence of two modes, and is well known already from one-dimensional models (STIX, 1965; ZASLAVSKII et al., 1965; PILYA, 1966). Beyond the confluence, the corresponding roots of the Dispersion Relation are complex conjugate, hence the two waves are evanescent. Near such layers the Eikonal approximation is bound to break down. The second kind of radial reflection is associated with the vanishing of the radial component of the wavevector. Depending upon the topology of the wavefronts near reflection, the so-called "whispering gallery" or "bounding ball" modes of the cavity can be excited in the case (KELLER et al., 1960; CHECCACCI et al., 1979; CANOBBIO, 1979). Vanishing of k, does not imply a break-down of the Eikonal approximation. A brief discussion of the behaviour of a ray approaching a cut-off (a zero of kL2, i.e. in a slab model, the boundary between a region of propagation and a region of evanescence) is also presented.
In Section 5 we simplify the power transport equation using the assumed axisymmetry, and we transform it into an ordinary differential equation for the power flux along the ray. This provides a rigorous basis for the evaluation of power deposition in the plasma; an example of such evaluation is presented for the case of L.H. waves radiated by a waveguide array.
In the final section we present some general conclusion on the comparison of ray tracing results with the results of slab models.
The examples illustrating Sections 4 and 5 all refer to waves in the LH or IC frequency ranges. It is clear however that the ray tracing code we have developed could be used as well for electron-cyclotron waves. The dimensions of antennas for EC waves are necessarily much larger than the wavelength; hence in this case decomposition of the field into partial waves is not required, and ray tracing can be directly applied to the radiated field as a whole, assuming for example n,, (Xkll) = 0.
We also note that, for simplicity, we have supposed throughout this paper that the magnetic surfaces have circular and concentric meridian cross-sections. This might be a poor approximation at large p, and a completely useless one for non-circular Tokamaks. Nevertheless the general conclusions reached in this paper remain valid in the more general cases: one has just to think of r as the coordinate labeling successive magnetic surfaces, and substitute such phrases as "radial reflection" with "reflection from a magnetic surface". Of course, the algebra would be somewhat more lengthy, and the shape of ray pencils and wavefronts would be affected by the shape of the magnetic surfaces. Adapting our numerical code to deal with the general case is in progress.
THE RAY EQUATIONS
It is convenient to derive the closed set of Eikonal equations first in the general case, in which the plasma parameters are allowed to vary slowly both in space and in time. The starting equations are then 1 a2E 4 a a J c at2 -c2 at rotrotE+T----J(r, t) = 1' dt' I dr'a(r, fir', t') -E(r', t').
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(4)
By "slowly varying" we mean, as usual, that the ranges of points rl around r and times t' < t for which the conductivity kernel (T in equation (5) differs from zero are small compared to the scales L, T over which the plasma parameters change appreciably; and that we are interested in fields whose space and time derivatives are much greater than L-', T-'. Under these conditions it is natural to look for solutions of the form E(r, t) = Ekw(r, t )
where it is assumed that the amplitude Ek,o(r, t) varies only on the slow scales L, T, while the Eikonal function S(r, t ) varies on a much faster scale. Thus we are assuming where 0 t h and a, are thermal velocity and the cyclotron frequency of any species of particles present in the plasma; perpendicular and parallel refer to the direction of the static magnetic field.
Substituting (6) into (5) we have This equation can be simplified by using conditions (8)-(9). Keeping only terms giving contributions of order E or larger we may write
aEt,
at'
In the last equation, uo is the conductivity Kernel of the homogeneous plasma, in which, however, the plasma parameters n, T, Bo, etc. depend (on the slow scale) on the observation point and time r, t. In the second and third terms the derivatives have to be applied only on this slow dependence. These terms arise naturally when the linearized Vlasov equation is integrated along the unperturbed particle orbits in the presence of a weak inhomogeneity and slow time variation. The familiar finite Larmor radius diamagnetic corrections to the equilibrium distribution function, (vln) + VF, for example, contribute to the terms containing the spatial derivatives in equation (13) . (These terms vanish in the cold plasma limit; this is not the case, on the other hand, for the terms containing the time derivatives, unless the frequency is so low that the inertia of all species of particles becomes negligible.) In the present problem, both the second and third term are of order E, and must be taken into account to obtain a meaningful equation for the transport of power.
We now define the "local" conductivity and dielectric tensors in the usual way, namely Finally we substitute (10)- (15) into (4), separating E into its hermitean and + leA, and assuming the latter to be sufficiently small.
antihermitean parts, E = The result, collecting the zeroth order terms to the 1.h. side, is:
The matrix Mk," defined here is hermitean.
parameter E~~~~~ -It is now natural to seek a solution to equation (16) which is formally identical with the equation for plane waves in a homogeneous plasma, except for the slow dependence of cH on r and t. Hence k and w must be related through the "local" dispersion relation This equation alone, however, is not sufficient to specify the four functions k(r, t ) , o(r, t). Instead, according to equations (7), it has to be considered as a first order, generally nonlinear, partial differential equation for the Eikonal function S. A solution will be completely specified only in conjunction with appropriate initial and/or boundary conditions. If S(r, t = to) is specified at some initial time to(k(r, to) is then known, and w(r, to) can be found from H = 0), then S(r, t ) can be found by "propagating" the initial data along the rays, or characteristics (COURANT-HILBERT, 1962) defined by the ray equations:
In this parametrized form the ray equations are explicitly canonical, a fact that is very useful when working in curvilinear coordinates (WERSINGER et al., 1978) .
Once the equations (19) are solved, the evaluation of S(r, t ) reduces to a quadrature, along the (unique) characteristic which goes through the point ro at time to. When the solution is constructed according to equations (19) and (20), the dispersion relation will indeed remain satisfied at all times t to, since
It is also instructive to recognize that along a ray
The identification of this expression with the group velocity is immediate by looking to the field distribution (6) as representing a wave packet, or by inspection of the amplitude transport equation (29) derived below. Finally, the concept of ignorable coordinates can be applied to the present problem. In particular, in a steady state plasma, aH/at = 0, the Eikonal function can be written
The initial value problem sketched above is replaced by a boundary value problem, which will be formulated in the next section for the particular case of an axisymmetric plasma. The surfaces S(r) = const. are wavefronts; the wavevector k is by definition normal to the wavefront, while this is generally not the case for the ray direction.
Ignorability of a spatial coordinate similarly implies the constancy of the associated canonical wavevector component (generalized Snell law). The "slab" model of the plasma is recovered if two coordinates are ignorable: in this case the dispersion relation can be solved algebraically for the only component of the wavevector which is not constant. Even in this case it might be useful to integrate the spatial subsystem of the ray equations, to know the trajectories of narrow wavepackets.
Once k(r, t) and o(r, t) satisfying H(k, w(r, t ) = 0 have been obtained by integrating the ray equations (19), one can revert to equation (16) to find the polarization of the electric field. Let S(r, t ) = SJr) -ut.
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with the eigenvalue H(k, o) = 0. To "close" the Eikonal approximation, it remains now only to derive an equation for the slowly varying amplitude
To this end, we consider the next order approximation to equation (16), which can be written compactly in the form
The unit polarization vector satisfies the self-adjoint eigenvalue
By multiplying to the left with Et; and using the hermiticity of M, we can eliminate the first-order field E$; neglecting from now on the superscript(", we find
We now substitute (24) into (27). To simplify the result, we note that differentiating equation (25) (29) into the form of a divergence, wrongly implying the existence of dissipation due only to the gradients of the plasma parameters, and not contributing to the change of internal energy of the plasma. In the fluid limit (WEINBERG, 1962) these terms vanish, and the position of the spatial derivatives in equation (27) becomes irrelevant. BERNSTEIN (1979, who considers a hot collisionless plasma, as here (see also MANNHEIMER, 1977) develops the "non locality" of the conductivity kernel around the somewhat arbitrarily chosen point (r + r')/2. When integrating the linearized Vlasov equation along the unperturbed orbits, however, there is no ambiguity in the choice of the development, which immediately leads to equation (14). We have not been able to obtain equation (31) with the Bernstein approach. Equations (31) and (34) are an explicit proof of energy conservation within the Eikonal approximation: it is perhaps not astonishing that equation (31) is formally identical with the generalized Poynting theorem derived by Stix for the uniform Plasma (STIX, 1962). In addition, being free of the complicated bracket of the equivalent equation (29), equation (30) is much easier to integrate, as will be shown in Section 5 .
R A Y TRACING IN A N AXISYMMETRIC P L A S M A
H.F. waves are usually coupled to a confined plasma by antennas whose elements are comparable in size, or shorter than one wavelength, at least along the static magnetic field (the only exception are electron cyclotron waves, which can be launched as a Gaussian beam using oversized waveguides). This is obviously the case for low frequency waves in the ion cyclotron frequency domain or below; and it is also true for Lower Hybrid waves, in spite of their relatively short wavelength, since the well-known accessibility condition (STIX, 1962; GOLANT, 1972) requires slow-wave structures to be used for coupling (LALLIA, 1974).
It is in principle impossible to define a correct set of boundary conditions for ray tracing, starting with the global field radiated by such an antenna. Indeed, either the starting wavefront has to be chosen with a radius of curvature comparable with or smaller than the wavelength, or the amplitude of the electric field on the starting wavefront has to vary substantially over the same distance. In either case the basic ordering of the Eikonal approximation is grossly violated, as can be expected when trying to apply geometric optics to an electric field pattern dominated by diffraction.
To overcome this difficulty, the electric field of the antenna has to be Fourier-analyzed in the ignorable coordinate q, and each partial wave has to be followed separately. Using pseudotoroidal coordinates (r, 6, q), with r = 0 on the magnetic axis, we have for each Fourier component
(It is of course assumed that wavelengths are short enough so that we can treat m, as a continuous variable.) The reduced set of ray equations is then
An adequate boundary condition for this set of equations can be formulated by assuming that the initial wavefront 2, is a strip of magnetic surface r = r,, a,< 6 < 6,, close to the antenna (but of course at a plasma density sufficiently large for the usual WKB conditions to be satisfied). On Zo, me vanishes and k, = k, can be obtained from the dispersion relation. Of course, the poloidal extension A 6 of the wavefront has to satisfy a condition of the form k,roA4 9 1.
This is generally possible if the electric field is appreciably uniform over the poloidal length of the antenna, and if the perpendicular index n, = k,c/o is sufficiently large at r = r,.
By definition, the amplitude E , associated with each partial wave does not depend on Q. The total electric field on the other hand will be more or less localized in Q depending on the details of the antenna excitation. In principle, the total radiated field in the plasma can be reconstructed by superposition, provided that for each partial wave the phase is also evaluated at all points, by integrating
In practice of course this is a formidable task even in the simplest cases (BRAMBILLA, 1 9 7 8~) . On the other hand we will see in Section 5 that the radial power flux into the plasma can be evaluated without an explicit knowledge of the total field distribution. If the antenna excites only a narrow spectrum of partial waves, sap n,-Anp 4 np 6 n, + An,, constructive interference will be localized around the solution of the additional equation starting from the antenna. In this case, the resulting electric field has to be essentially uniform over a range Acp such that
In all cases of practical interest, however, the finite toroidal width spanned by the antenna makes An, far too large to justify using equation (39) with n, = n, to trace the radiated field with any accuracy. This is another way to state that the radiation pattern is dominated by diffraction. In this case, equation (39) contains essentially no useful information. An exception to that just stated is the case of Lower Hybrid waves in the electrostatic approximation. In this limit, the dispersion relation is such that the direction (but not the modulus) of the group velocity does not depend on nv Then equation (39) and the spatial part of system (36), with initial conditions at the antenna, describe the trajectories of the "resonant cones" in the plasma (BELLAN et al., 1974) . In Lower Hybrid heating experiments, however, relatively low values of rill have to be excited (Inll( G 4/d(Te)) to avoid absorption by electron Landau damping near the plasma edge (TROYON et al., 1974; BRAMBILLA,  1978b) . In this range, the electrostatic description is not adequate, particularly when electromagnetic correction cumulate over a large number of wavelengths. In any case, the full electromagnetic description is required to investigate accessibility.
To complete this section, it should be mentioned that the above choice of initial conditions for the reduced system (36), albeit well suited to the geometry of wave excitation in a Tokamak, is not the most general possible. To investigate this point further, it is useful to introduce the development of the Eikonal function near an arbitrary point Po = (ro, a0) in the meridian cross section, say (the symmetry of the contravariant tensor uub is a consequence of the Eikonal Ansatz, and equivalent with rot k = 0). From equation (40) it is easily recognized that the radius of curvature Rc of the wavefront Eo (u= u(ro, a0) 
S I N G U L A R LAYERS, RAY R E F L E C T I O N CAUSTICS
In a plane-layered plasma, questions about accessibility, linear wave conversion, or absorption, can be answered by investigating the location of singular layers for kL2 (cut-off s, confluences between different branches of the dispersion relation, resonances) for fixed kl,. In a more general geometry integration of the ray equations is required to obtain quantitative information about these problems. Nevertheless, useful insight can already be gained by direct inspection of the ray equations. In this section we will discuss the conditions for the occurrence of ray reflection, and present some examples of the most interesting situations.
Local symmetry around the direction of the static magnetic field implies that the dispersion relation is a function of the wavevector only through k> and kll. For most purposes, an adequate approximation can be written conveniently in the form 
C=P(nif-R)(nif-L).
Here S, R, L. P are the elements of the cold plasma dielectric tensor in the familiar notations of STIX (1962), and LY takes into account thermal corrections (STIX, 1968). These quantities are independent of k; they depend on the local plasma density and magnetic field, CY also depends linearly on the temperature.
The expansion parameter for the thermal correction is k>v:h,/a',i in the ioncyclotron frequency range, and k>uthi/02 in the Lower Hybrid frequency range (BRAMBILLA, 1976b).
Restricting ourselves for simplicity to circular, concentric magnetic surfaces, we have:
where k, = 1 + (r/R) cos 6 and By implicit differentiation of equation (48) we then obtain the ray equations in the following form:
When implementing the numerical integration of these equations, it is useful to eliminate the non-physical independent variable r in favour of the poloidal Eikonal U, by dividing throughout equations (53)-(57) with aH aH
Note that the r.h.s. of this equation is just the quantity D whose square appears in the denominator of equations (44). Thus using U as independent variable, in addition to provide an immediate view of successive wavefronts, has also the advantage that integration automatically stops when D approaches a zero, the most common occurrence of a violation of the Eikonal ordering. The meaning of such an occurrence will be made clearer below. According to equation (53), two kinds of radial reflection of a ray are possible, depending on which factor of the r.h.s. goes to zero. We now discuss them in turn.
(a) Confluences
The vanishing of aH/ak,2 implies the confluence of two roots of the dispersion relation. Familiar examples are confluence of an externally launched slow wave in the LH frequency range with a fast wave, which affects the accessibility of the former if n1f is below a certain threshold (GOLANT, 1972), and the confluence of the slow LH wave with a hot electrostatic wave, known as Linear Turning Point (STIX, 1965), near which ion heating is likely to occur. Similarly, the two-ion hybrid resonance in the ion cyclotron frequency range is a confluence between the externally launched fast wave, and either the slow ion cyclotron wave or an ion-Bernstein wave, depending on the temperature and on the concentration of the minority ions (PERKINS, 1977; JACQUINOT et al. 1977 ).
In one-dimensional geometry, the WKB approximation breaks down at a confluence. Since on the far side of the confluence the two roots for k,* are complex, total reflection is expected if the confluence point is isolated (i.e. if tunnelling through the evanescence region beyond this point, usually to a subsequent confluence, in some case to a resonance, can be neglected). A solution of the full wave equation (STIX, 1965; PILYA, 1966) shows that this occurs with a complete change of polarization: an incident wave belonging to one branch of the dispersion relation is linearly transformed into a wave belonging to the other branch after the reflection. In addition, the reflection is not "specular", in the sense that the component k, of the wavevector along the direction of the gradients has the same sign for both waves (formally, k, is continuous and not zero at the reflection point). This is related to the fact that, of the two waves coming at a confluence, one has to be a forward wave and the other a backward wave. Indeed, the group velocities vgx = 2k,aH/ak;/aH/aw of the incident and of the reflected waves must have opposite signs. Since aH/ak: has the opposite sign for the two waves, the phase velocities must be in the same direction.
In the two dimensional case the occurrence of a confluence does not necessarily imply the break-down of the Eikonal approximation, but only the formation of a caustic, locally tangent to a magnetic surface. Radial reflection again occurs with complete change of polarization: that this is the only possibility within the Eikonal approximation is clear for example by the inspection of plots of n : vs radius (cf. Figs. 4 and 6) . The transition is however perfectly smooth: the ray direction, all components of k (including k, in analogy with the one-dimensional case), and the polarization, are all continuous and differentiable at the reflection point. In most cases however it is easily seen that the ray cannot be followed far beyond the confluence. Indeed, the transition between a forward and a backward wave corresponds, in two dimensional geometry, to a zero of dddT, i.e. to the vanishing of the denominator D2 in equation (44). This can occur quite close to the reflection point, since of the two terms which contribute to 0, equation (49, the first is just about to change sign, while the second, which varies only slowly, is usually much smaller (tg 0 1). If, by using an independent variable other than U, a pencil of rays is followed beyond the confluence, the violation of the Eikonal ordering is made apparent by a spread of the individual rays, and a corresponding distortion of the wavefronts.
A closer study of confluences in two dimensions thus reveals a full analogy with the one-dimensional case, in spite of the striking difference due to the fact that rays are tangent, instead of perpendicular, to the locus of reflections. In the one-dimensional case, m, is identically zero if assumed to be zero at the antenna, so that the confluence and the transition from a forward to a backward wave (or vice versa) coincide. temperatures ( 7 ' ' = 0.5 keV, TQ = 0.6 keV), magnetic field (Bo=2.5 Tesla) and safety factor (q(a) =4), as well as the radial profiles, where chosen within typical experimental ranges for the ohmically heated ASDEX; the density was deliberately assumed somewhat low for the chosen frequency cf = 1.3 Ghz, in a pure H ' plasma), so that all kinds of singular layers occur simultaneously, depending on the rill value on the initial wavefront near the antenna. by the open circles) until they approach the fast-wave cut-off nlf = R. Wavefronts (+ = const on the other hand can only be traced a few wavelengths beyond the confluence. There d(+/d.r vanishes. The subsequent rapid fanning out of the rays indicates that diffraction is likely to affect the results of ray tracing in this region.
When n, or nli are plotted versus the poloidal angle 8 (Figs. 2 and 3) the confluence goes unnoticed. Only when ni is plotted versus radius (Fig. 4) existence of two roots of the dispersion relation and their confluence at the point of radial reflection is immediately apparent. Indeed, Fig. 4 looks very much the same as familiar plots of nL versus distance in one-dimensional investigations. Figures 5-6 show an example of confluence between the slow LH wave and the hot plasma electrostatic wave at the Linear Turning Point. This situation is obtained by choosing ni l ( a ) = 3.50 on the initial wavefront. In this case also the abrupt change in the dispersion relation at the confluence, and the transition from a backward to a forward wave in its immediate vicinity, cause the Eikonal approximation to break down there. The plot of nL versus r shows that the index is rapidly increasing beyond the confluence: efficient stocastic heating of the ions in the tail of the distribution function can be expected in this region.
(b) Whispering gallery reflection
According to equations (36), a ray becomes tangent to a magnetic surface r = cte and suffers radial reflection also if k, = 2 (k? -k;)1'2 = r (k? -m:/?)"2 happens to vanish. This kind of reflection does not lead to a break-down of the Eikonal approximation, but is associated with the formation of a caustic or of a focal point, so that some care has to be taken in the determination of the phase along the ray. Radial reflection with k, = 0 can occur with two different topologies, depending on the nature of the dispersion relation and on the boundary conditions. Figures 7-9 show an example in the LH frequency range. The situation is the same as in the previous figures, except that the initial value of rill was chosen to be rill (a) = 2.25. For the den+y of these examples this is high enough to satisfy the accessibility condition, but too low for the wave to meet linear transformation into an electrostatic wave. In a slab plasma, such a wave would just   FIG. 7. -A pencil of rays of the slow LH wave, f = 1.3Ghz, with rill= 2.25 at the antenna. Wavefronts are separated by 10 wavelengths.
be transmitted to the opposite wall; in the present geometry, it spirals around the magnetic axis and finally also comes back to the wall. That the reflected wave is the same slow wave as the incident wave is immediately clear from the plot of n, versus radius, Fig. 8 . The enlarged plot of the region in which radial reflection takes place, Fig. 9 , shows that the field is excluded from a region around the centre. This is the "whispering gallery effect", well-known in cavities with concave walls (KELLER et al., 1962; PEKERIS, 1950) with the rotational transform, the field behaves as JJKr), with K - That the exclusion of the field from the central region is a real effect, not due to the approximations of ray tracing, can be seen by comparison with a ray in the ion-cyclotron frequency range. To trace such a ray without violating the Eikonal ordering, we have chosen a considerably larger plasma ( R = 300 cm, a = 120 cm, Bo = 3.45 T, no = 8 -lOI3 ~m -~, Te0 = 1.2 keV, T, = 1 keV, parabolic profile, q ( a ) = 3). The frequency is 56 Mhz, putting the second harmonic of deuterium, w = 2&, about 20 cm, to the inside of the magnetic axis.
The different appearance of rays (Figs. 10-11 ) in the ion cyclotron range, as compared with the previous examples, is due to the fact that the fast IC wave has a group velocity almost parallel to k, and hence (since k12 P kit) almost perpendicular to B. As a consequence, the initially cylindrical wavefront is only slightly distorted by toroidal effects (Fig. 10) . The inhomogeneity of the refractive index actually acts as a converging lens, displacing the "focus" somewhat closer to the antenna. The absence of whispering gallery effect is due to the fact that in this case it is impossible to assign a definite value to m, near the focal region: as seen in Fig. lla , m$r varies continuously between -k, and + k, on each wavefront. This does not imply a breakdown of the Eikonal approximation: except for the fact that equation (52) constrains k, to vanish precisely at the point where the ray becomes tangent to a magnetic surface, it is an obvious property of a cylindrical wave emerging from a focus near, but not at, the origin of coordinates. Nevertheless it is clear that ray tracing will not give an adequate description of the field in a region of the order of at least one wavelength around the focus itself. In Fig. 10 the ray is stopped at the resonance =2&, where strong absorption is assumed to occur. In the absence of absorption, and assuming reflecting walls, the present topology would lead to the excitation of a different kind of cavity modes, known as bouncing-ball modes (KELLER et al., 1962; CHECCACCI et al., 1979), whose field is concentrated in the central region and excluded from the periphery of the plasma. The importance of using an antenna sufficiently uniform in the poloidal direction to maximize the excitation of bouncing ball modes and minimize the excitation of whispering gallery modes has been stressed recently by E. CANOBBIO (1979). The different appearance of caustics in Figs. 9 and 10 shows that similar considerations also apply to the case of strong absorption in a single transit. To conclude this section, let us briefly consider the behaviour of a ray approaching a cut-off, i.e. a zero of k;. In a warm plasma, a cut-off is a zero of the coefficient C in the dispersion relation (48); for the fast wave, its position will depend also on nlf, hence on the previous trajectory of the ray.
The ray is expected to suffer reflection at the cut-off, since the wave is evanescent on the other side. Actually, reflection must occur before the cut-off is reached. Indeed, let qL2(s) be the appropriate root of the dispersion relation along the ray, i.e. lt? = q>(s). Then, from
[cf. equations (SI)] it is clear that radial reflection due to the vanishing of k, must occur before qL2(s) itself vanish. If k,' is sufficiently large, a caustic will be formed without violating the Eikonal ordering. Figure 12 shows an example of reflection near a cut-off. The plasma composition is now 90% 0, 10% T, and the lower frequency f = 18.7 MHz was chosen corresponding to w = 531. 20 cm to the inside of the magnetic axis. In this case, the two-ion hybrid cut-off nif = L of the fast wave is located a few centimeters to the low magnetic field side of the resonance (PERKINS, 1977). It turns out that n, is still quite large at the reflection layer; thus in spite of the rapid variations of n, and rill in this region, it can be assumed that the ray-tracing picture should be at least qualitatively accurate. Note that the variations of rill (Fig. 13) near reflection are easily interpreted in terms of specular reflection from a vertical cylinder R = cte, with change of sign of the horizontal component of the wavevector, the other components being unaffected.
An even more spectacular situation is obtained by increasing the Tritium concentration up to 50% D-50%T. This shifts the L-cut-off so much to the outside that the focus of the initially converging pencil becomes virtual. The reflected rays, however, still converge accurately to a real focus, showing that Snell law of specular reflections applies (Fig. 14) . In this case moreover me becomes sufficiently large so that further reflection near the low-density cut-off nlf = R also occurs without a gross breakdown of the Eikonal approximation.
In situations like the one of Fig. 14 (and of Fig. 12 if we assume specular reflection from the vacuum vessel and negligible tunneling from the two-ionhybrid cut-off to the nearby resonance) and Eikonal Ansatz equation (6) only gives meaningful solutions if used in conjunction with an appropriate quantization condition for S, of the form specified in KELLER et al. (1962) . Indeed the appearance of Fig. 14 makes it clear that in such a situation large Q eigenmodes will be excited between the antenna and the L-cut off. This quantization of the wavevector and the related appearance of cavity-like eigenmodes does not occur in cases like the one of Fig. 10 , in which the resonance is expected to act as a sink of power, strong enough to give total absorption in one or very few transits.
Ray tracing is much more appropriate to the latter situation than to the former, albeit it is shown by KELLER et al. (1962) that even in the case of multiple reflections it gives very useful results, provided that the quantization condition on S is properly taken into account.
P O W E R A B S O R P T I O N P R O F I L E S
As mentioned in Section 3, the fact that the amplitude of each partial wave is uniform in the toroidal direction justifies speaking of the transport of a definite amount of power by the corresponding pencil of rays. In this section we sketch a proof of the statement, and we show how the power transport equation (32) simplifies in axisymmetric geometry to an ordinary differential equation. In this way radial power deposition profiles can be obtained, without solving the dficult problem of calculating the distribution of the electric and magnetic fields within the plasma. Let Ey(l(kz), e:(k,), B,"(k,), B,"(k,) be the Fourier transforms of the poloidal and toroidal components of the electric and magnetic fields at the antenna; for example
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Here for simplicity k, = n,./R, z = R 9, y = a * 8 and me = 0. ( h = a A 6 being the poloidal aperture) can be easily evaluated substituting here (59) and (60). Integrating first over z (this integration deletes all information about the localization of the radiation pattern in the toroidal direction) gives J P,(k,) is thus the amount of power radiated by the antenna on the partial wave with n, = R&,. Once this quantity is known, the evaluation of the radial power deposition profile can be reduced to the integration of a single ordinary differential equation along the pencil of rays.
To this end we must assume, in agreement with the spirit of the Eikonal approximation, that all quantities such as IEI2, kll, k;, e, vary little over the poloidal cross-section of the pencil. Let us integrate equation (38) over the volume V included between two wavefronts 2, and &, the poloidal projection of the two rays rl and r2 which bound the pencil laterally, and extending over 0 s Q S 27r in the toroidal direction (Fig. 15) . It is shown in STIX (1962) that the total momentum flux Sk,@ is everywhere parallel to the ray. Therefore, if equivalently, on U. Hence we can rewrite (66) as where A 2 denotes the width of the ray pencil in the meridian crosssection. Now is the power flux transported by the partial wave. In the limit of small As we therefore obtain finally where The denominator on the r.h.s. of equation (69) is proportional to the projection of the group velocity onto the normal to the wavefront. In other words, du/(v . TL,J is proportional to the length over which dissipation effectively acts.
The divergence of the dissipation when the rays become parallel to the wavefronts is well-known in slab geometry: it occurs when a wave approaches a cold plasma resonance, and explains the apparent paradox of complete absorption with infinitesimally weak dissipation found in this case (STIX, 1962, Ch. 19).
If equation (69) is integrated, and AX is known, the local amplitude &+ , I * can also be immediately found. A separate differential equation for AX can be obtained by suitabie differentiation of the ray equations. In the present problem, however, it is sufficient to "measure" A2 from the solution of the ray equations; this is particularly easy if U is chosen as independent variable. Fig.  (S) ], as a function of radius. To evaluate the anti-hermitean part of the dielectric tensor we have assumed that the dominant absorption mechanism is stochastic ion heating (KARNEY, 1978, 1979) and that the resulting absorption rate is the same as predicted by linear ion Landau damping in the perpendicular direction. Admittedly the latter assumption can only be a rough approximation: quasilinear modification of the distribution function by the wave should also be taken into account. On the other hand, a self-consistent, space-dependent evaluation of the quasilinear saturation of damping is not yet available. Figure 16 shows that absorption is localized strongly in the neighborhood of the Linear Turning Points. Only in this region the perpendicular phase velocity of the wave becomes small enough, 0 k, Vthi for efficient interaction with the ion distribution function to be possible. As soon as this condition is satisfied, on the other hand, the absorption increases rapidly, while the radial position of the ray varies only slowly due to the vicinity of the reflection point.
By integrating equation (69) for all values of nli(a) excited by the antenna, it is now possible to evaluate the power deposition profile. As suggested by the results of Fig. 15 , this evaluation can be considerably simplified by attributing to the ions in the layer between r and r + Gr the power transported by those partial waves which satisfy the condition (70) in this layer. Electron Landau damping will similarly occur for those waves for which u/kjpthe=4 within the layer. Figure 17 illustrates the procedure. The full curve gives the radius at which condition (70) is satisfied as a function of the initial parallel index ne(a). Also represented is the theoretically evaluated spectrum (BRAMBILLA, 1976a, 1979 ) launched by the antenna, an array of 8 waveguides with small dimension b = 3 cm, excited with alternate phases. From this figure, the power deposition profile can be immediately evaluated. The result is shown in Fig. 18 ., expressed in W/cm3 per MW of total launched power (only the ions are heated in this example, and a little less than half of the coupled power is absorbed). The output of the numerical code from which Fig. 18 was drawn can be directly used as heat source input in any one-dimensional radius Tokamak transport code (BRAMBILLA, 1981).
CONCLUSIONS
This paper has been concerned with a detailed analysis of geometrical optics methods in the study of h.f. heating of Tokamak plasmas, rather than with applications to specific problems. Nevertheless, it seems appropriate to draw some conclusions on the practical importance of the toroidal effects accounted for by ray tracing.
In the LH frequency range the field distribution is very much affected by toroidicity, due to the tendency of rays to follow rather closely the magnetic lines. Also, new effects like whispering gallery reflection are missed in a slab approximation. Nevertheless, the conditions for accessibility and absorption are not dramatically modified by toroidicity, although accessibility is made somewhat more difficult, as noted by BARANOV et al. (1978, 1980) . We would also like to note that ray tracing provides a justification for the validity of antenna coupling calculations in which all partial waves, once tunnelled through the low density cut-off layer, are assumed to propagate to infinity (or to a perfect sink), (BRAMBILLA, 1976). Indeed, Fig. 1 suggests that even if the launched slow wave is coupled to the fast wave and the latter comes back to the wall, this not likely to give coherent interference between the two waves, nor to excite high-Q surface modes, as a slab model would predict (BRAMBILLA, 1979) . Rather, the power will finally be dissipated between the reflection layer and the wall without coming back again to the antenna. In the IC frequency range the field distribution is at first sight much less affected by toroidicity. However, the IC resonances in a toroidal plasma cannot be easily modelled one-dimensionally. This is because the lines of force of the static magnetic field cross the vertical resonance layer at an angle which varies with the distance from the equatorial plane. This leads to a large spread of kli, which in turn can affect the mechanism of absorption, as already stressed by PERKINS (1977) and JACQUINOT et al. (1977) . This work provides a rigorous basis for the use of ray tracing to obtain the power deposition profiles also in this situation.
